Discrete Math


Fair Division




Lesson 1 – Class work 



Three heirs (Alan, Barbara, and Chris) wish to divide up an estate consisting of a house, a small farm, and a painting, using the methods of sealed bids.  The heirs’ bids on each of the items are given in the following table:

	
	House
	Farm
	Painting

	Alan
	$150,000
	$430,000
	$50,000

	Barbara
	$146,000
	$425,000
	$59,000

	Chris
	$175,000
	$428,000
	$57,000


1.  List the item(s) received.  Alan: _________________ Barbara: _________________Chris: ____________________

2.  Find each person’s fair share.
  Alan: ______________ Barbara: _________________Chris: ____________________

3.  Find the amount of cash each person needs/owes in order to equal their fair share.

Alan: _________________ Barbara: _________________Chris: ____________________

4.  What is each person’s final settlement?

Alan: _________________ Barbara: _________________Chris: ____________________

Fair Division Homework

Three sisters (Anne, Betty, Carla) wish to divide up 4 pieces of furniture they shared as children using the method of sealed bids.  Their bids on each of the items are given in the following table.

	
	Anne
	Betty
	Carla

	Dresser
	$150
	$300
	$275

	Desk
	$180
	$150
	$165

	Vanity
	$170
	$200
	$260

	Tapestry
	$400
	$250
	$500


1.  List the item(s) each person received.

Anne: _________________________   Betty: _________________________   Carla: ________________________

2.  Find each persons fair share.

Anne: _________________________   Betty: _________________________   Carla: ________________________

3.  Find the amount of cash each person needs/owes in order to equal their fair share.

Anne: _________________________   Betty: _________________________   Carla: ________________________

4.  What is each person’s final settlement.

Anne: _________________________   Betty: _________________________   Carla: ________________________

Amy, Bart and Carol are heirs to an estate that consists of a valuable painting, a motorcycle, World Series tickets and $5000 in cash.  They submit the following bids for the items:
	
	Painting
	Motorcycle
	Tickets

	Amy
	2000
	4000
	500

	Bart
	5000
	2000 
	100

	Carol
	3000
	3000
	300


1. For each heir find the fair share.

2. List the items each person receives.
3. The amount of cash each person receives / owes.

4. What is each person’s final settlement?

Apportionment





Hamilton/Jefferson Methods – Class work

I.  A small country is comprised of four states, A, B, C, and D.  the population of each state, in thousands, is given in the following table.

	State
	A
	B
	C
	D

	Population (in thousands)
	138
	266
	534
	662


A.  According to the country’s constitution, the congress will have 80 seats, divided among the four states according to their respective populations.


1.  Find the ideal ratio.



2.  Find the quota for each state.


3.  Use Hamilton’s method to find each state’s apportionment of congressional seats.


4.  Use Jefferson’s method to find each state’s apportionment of congressional seats.

B.  According to the country’s constitution, the congress will have 200 seats, divided among the four states according to their respective populations.


1.  Find the ideal ratio.



2.  Find the quota for each state.


3.  Use Hamilton’s method to find each state’s apportionment of congressional seats.


4.  Use Jefferson’s method to find each state’s apportionment of congressional seats.

II.  A university is composed of five schools.  The enrollment in each school is given in the following table.

	School
	Humanities
	Social Science
	Engineering
	Business
	Education

	Enrollment
	1050
	1410
	1830
	2540
	3580


A.  There are 300 new computers to be apportioned among the five schools according to their respective enrollments.  Use Hamilton’s method to find each school’s apportionment of computers.

B.  There are 300 new computers to be apportioned among the five schools according to their respective enrollments.  Use Jefferson’s method to find each school’s apportionment of computers.

Hamilton and Jefferson Homework:

A bus company operates 3 bus routes and 6 buses.  The buses are apportioned among the routes based on the number of daily passengers per route.  Route A has 45,500 passengers, Route B has 33,070 passengers, and Route C has 20,490 passengers.

1.  Find the Ideal Ratio.





2.  Find the quotas.

3.  Use the Hamilton Method to apportion the buses. 

4.  Use Jefferson method to apportion the busses.

Parador is a new republic located in Central America.  It is made up of six states Azucar, Bahia, Café, Diamante, Esmeralda, and Felicidad (A, B, C, D, E, and F for short).  According the the new constitution of Parador, the Congress will have 250 seats, divided among the six states according to their respective populations.  The population figures for each state are given below.

	State
	A
	B
	C
	D
	E
	F

	Population
	1,646,000
	6,936,000
	154,000
	2,091,000
	685,000
	988,000


5.  Find the Ideal Ratio.





6.  Find the quotas.

7.  Use the Hamilton Method to apportion the seats. 

8.  Use Jefferson method to apportion the seats.

9.  A small country is composed of 5 states, A, B, C, D, and E.  The population of each state is given in the following table.  Congress will have 57 seats, divided among the five states according to their respective populations.  Use Jefferson’s method to apportion the 57 congressional seats.

	State
	A
	B
	C
	D
	E

	Population
	126,316
	196,492
	425,264
	526,664
	725,264


Apportionment





All Methods – Class work

1.  Three people pool their money to buy 30 shares of stock.  The amount that each person contributes is shown in the table at the top of the next column.  Use Webster’s method to apportion the shares of stock.

	Person
	A
	B
	C

	Amount
	$795
	$705
	$525


2.  A hospital has a nursing staff of 250 nurses working in four shifts.  The number of nurses apportioned to each shift is based on the average number of patients per shift, given in the following table.  

	Shift
	A
	B
	C
	D

	Average Number of Patients
	453
	650
	547
	350



1.  Find the ideal ratio.



2.  Find the quotas.


3.  Apportion the nurses using the Hamilton Method.
4.  Apportion the nurses using the Webster Method.

3.  Four people pool their money to buy 60 shares of stock.  The amount that each person contributes is shown in the following table.  

	Person
	A
	B
	C
	D

	Contribution
	$2013
	$187
	$290
	$3862



1.  Find the ideal ratio.



2.  Find the quotas.


3.  Apportion the stock using the Hill Method.
4.  Apportion the stock using the Jefferson Method.


5.  Apportion the stock using the Webster Method.
6.  Apportion the stock using the Hamilton Method.

4.  The police department in a large city has 180 new officers to be apportioned among six high – crime precincts.  Crimes by precinct are shown in the following table.  Use the Hill’s method to apportion the new officers among the precincts.

	Precinct
	A
	B
	C
	D
	E
	F

	Crimes
	446
	526
	835
	227
	338
	456


Apportionment





All Methods – Homework

1. A small country has 7 states (A, B, C, D, E, F) and 230 seats on congress.  The population of each state is:

 A – 70,000, B – 71,000, C – 300,000, D – 144,000, E – 107,000, F – 239,000, G – 239,000.  Apportion the seats using

a) Hamilton Method



b) Jefferson Method

c) Webster Method




d) Hill Method

2.  Apportionment High has 3,000 students:  1,200 in the freshman class, 800 in the sophomore class, 560 in the junior class, and 420 in the senior class.  There are 20 seats on the student council.  Apportion the seats using:

a) Hamilton Method



b) Jefferson Method


c) Webster Method




d) Hill Method

Review Apportionment

Vocabulary:

1.   What are the 4 methods of apportionment and what sets them apart from the others?

a. __________________________________________________

b. __________________________________________________

c. __________________________________________________

d. __________________________________________________

2. How do you find the ideal ratio? ____________________________________

3. How do you find quotas? _________________________________________

4. Define Truncating ________________________________________________

5. Define Fair Share_________________________________________________

6. Define Apportionment _____________________________________________

7. Define Modified Divisor____________________________________________

8. How do you find a modified quota? _____________________________________

9. How do you find geometric mean? _____________________________________

Problems:  

1. Jim, Kim and Andy are heirs to an estate that has a car, boat, house and $300,000 cash.  

	
	Car
	Boat
	House

	Jim
	10000
	6000
	125000

	Kim
	9000
	7500
	129000

	Andy
	8000
	7200
	130000


a. List items received.


B.  Find each person’s fair share.

c. Find the amount of cash owed / received to equal the fair share.

d. What is the final settlement?

2.  Christian, Sam and Shimee wish to divide up the following items.  
	
	Christian
	Sam
	Shimee

	Tractor
	$20,000
	$18,000
	$15,000

	Excavator
	$46,000
	$42,000
	$35,000

	8 family potraits
	$3,000
	$2,000
	$4,000

	Horse farm
	$201,000
	$190,000
	$180,000


a. List items received.

b.  Find each person’s fair share.

c. Find the amount of cash owed / received to equal the fair share.

d. What is the final settlement?

3. Johnny’s school for the Tired has 956 freshman, 760 sophomores, 440 juniors and 344 seniors.  There are 25 seats on the student council.  Determine the number of seats for each class using the following methods.

a. Find the ideal ratios= ____________

b.  Find the quotas 

c.  Apportion using Hamilton’s Method

d.  Apportion using Jefferson’s method

b.  Apportion using Hill’s method


f.  Apportion using Webster’s method.
4. Imagine there are 24 seats to be divided up among 4 states whose populations are 59,000, 26,500, 16,500 and 6,000.  

a. Find the ideal ratios= ____________

b.  Find the quotas 

d.  Apportion using Hamilton’s Method

d.  Apportion using Jefferson’s method

c.  Apportion using Hill’s method


f.  Apportion using Webster’s method.

Review: Voting Theory
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1. Find the Plurality Winner.

2. Borda winner.

3. Run-off

4. Sequential run off

5. Condorcet
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